Thermal membrane distillation (MD) is an emerging technology to desalinate highsalinity wastewaters, including shale gas produced water to reduce the corresponding water footprint of fracturing operations. In this work, we introduce a rigorous optimization model with energy recovery for the synthesis of multistage direct contact membrane distillation (DCMD) system. The mathematical model (implemented in GAMS software) is formulated via generalized disjunctive programming (GDP) and mixed-integer nonlinear programming (MINLP). To maximize the total amount of water recovered, the outflow brine is fixed close to salt saturation conditions (300 g·kg -1 water) approaching zero liquid discharge (ZLD).
Introduction
Unconventional shale gas is an energy resource with the potential to change the global energy market, particularly considering the continuous increase in the demand for energy on a worldwide scale (Department of Energy & Climate Change, 2013; Hammond and O'Grady, 2017 ; U.S. Energy Information Administration, 2017).
Shale gas trapped in shale formations is released by injecting large amounts of water (10,500 -38,000 m 3 per well) under high pressure to fracture the impermeable rock (hydraulic fracturing) (Jacquet, 2014; Yang et al., 2014) . Part of the injected fluid (10-40%) called flowback water is recovered containing total dissolved solids (TDS)
ranging from 10,000 to 150,000 mg·L -1 , taking from between a few days to a few weeks. The wastewater that is generated over the rest of the life of the well (10 -30 years) is called produced water. The TDS concentration in long-term produced water can reach 250,000 mg·L -1 (U.S. Environmental Protection Agency, 2016).
Current water management strategies include disposal of wastewater via Class II disposal wells, transfer to a centralized water treatment facility (CWT) or, direct reuse in drilling subsequent wells. Direct reuse (without any treatment) in drilling subsequent wells is currently the most popular option due to its operational simplicity for contractors (Ruyle and Fragachan, 2015) . However, as the number of drilled wells decrease, this practice becomes less attractive. Specifically, as can be seen in Fig. 1 , the volume of fracturing fluid required to fracture new wells may be less than the volume of water generated by producing wells in the area. Consequently, operators must find a viable, sustainable and bearable wastewater management alternative when wastewater generation exceeds the water demand for fracturing. MD offers a great potential to treat shale gas water since the separation occurs below the normal boiling point of the inlet stream, therefore, it is possible to use waste heat to induce the separation (Ashoor et al., 2016; Drioli et al., 2015) . This technology is especially advantageous in remote unconventional hydrocarbon extraction sites where electrical energy supply is not available and many waste heating sources are present, such as geothermal heat energy process facilities, or flaring (Chafidz et al., 2016; Deshmukh et al., 2018; Elsayed et al., 2015; Kim et al., 2017; Omkar R. Lokare et al., 2017) . Furthermore, MD is also very attractive for this application due to its mobility, modularity, and compactness, contrasting with conventional thermal desalination processes which involve a huge physical footprint (Silva et al., 2017) .
Regarding membrane distillation optimization for the treatment of shale gas wastewater, Elsayed et al. (2015) have developed an optimization approach for treating flowback water by using direct contact membrane distillation (DCMD). However, they consider that waste energy is always available, hence there is no calculation of the energy cost or heat integration within the process streams. Moreover, in their optimization model, they do not consider process configuration design. also evaluate the synergies and potential of DCMD technology for the treatment of shale gas water utilizing waste heat available from natural gas extraction. They simulate DCMD in ASPEN Plus and calibrate the model using laboratory-scale experiment. Then, the model is used to design and determine the operating parameters for a full-scale DCMD system. In a later work , the same authors highlighted the applicability of DCMD for treating shale gas water by evaluating the economic feasibility. Recently, Deshmukh et al. (2018) highlighted the advantages of MD for small-scale desalination applications and emphasized the benefits for desalinating shale gas water. However, they remark that the viability of MD as an energy-efficient treatment remains uncertain. Moreover, they mention the necessity of comparison techniques to obtain more reliable cost and process optimization.
To the best of our knowledge, there are no published optimization models for determining the optimal working conditions and membrane modules configuration for the MD treatment of shale gas produced water. For this reason, we introduce a mathematical model to optimize multistage membrane distillation systems (MDS) (including all potential membrane configurations in series and interconnections) for high-salinity conditions. The target of the MDS is to reduce the shale gas wastewater volume as much as possible by producing concentrated saline water close to Zero Liquid Discharge (ZLD) -outlet flowrate water at near saturated conditionsmaximizing at the same time the total water recovered at the minimum cost. The model is mathematically formulated as a Generalized Disjunctive Programming (GDP)
problem (Trespalacios and Grossmann, 2014) and reformulated as a Mixed Integer NonLinear Programming (MINLP) model to be solved using GAMS software (Rosenthal, 2016) , seeking to minimize the total annualized cost of the process.
The main novelties of this study are: (1) development of an optimization model for MDS to attain close to ZLD conditions for the treatment of shale gas produced water;
(2) optimization and design of full-scale membrane distillation systems coupled with heat recovery to determine the optimal system configuration and optimal working conditions; (3) application of the proposed model to real inlet flowrate and variable high-salinity to evaluate if the projected technology can be applied to desalinate produced water coming from different shale gas basins; and, (4) analysis of the economic viability of MD in shale gas operations.
The rest of the paper is organized as follows: section 2 describes the problem statement and the mathematical MINLP model; section 3 presents the case studies and section 4 the main results obtained. In addition, a critical appraisal for the sensitivity analysis is included; and section 5 summarizes the conclusions of the work.
Problem statement and mathematical model
The given parameters are: the defined wastewater feed stream (inlet mass flowrate, salinity, and temperature); the corresponding membrane characteristics (permeability and thickness); and, the cost of the membrane, pumps, heat exchangers and the utilities used (low-pressure steam and cooling water). The objective function considers the equipment's annualized capital cost of expenditure and the operating costs related to membrane labor, replacement, and energy demand. Additionally, improving process cost-effectiveness by achieving conditions close to ZLD reduces water footprint by reducing brine discharges and increasing water recovery.
The multistage superstructure proposed for treating produced water is shown in Fig. 2 DCMD is the configuration selected since it is recognized as the most suitable for purification of feed streams with non-volatile solutes and for small-scale desalination (Duong et al., 2015) . Fig. 3 shows the scheme of a DCMD module including heat recovery (Swaminathan et al., 2016) . Each membrane module is composed of the following equipment: shell and tube heat exchanger, heater and cooler; polytetrafluoroethylene membranes with polypropylene support; centrifugal pumps and storage tanks. The feed flowrate is heated before entering the membrane cell to induce the separation of salts and water. The driving force in DCMD is temperature difference between the inlet warm feed stream and ambient temperature of the permeate stream, which causes a difference of vapor pressures. To reduce the operational energy cost, a heat exchanger is used to preheat the inlet water with the hot permeate stream.
Additionally, an external cooler is installed to cold down the recirculated permeate stream to generate a temperature difference across the membrane. To attain the specified outlet conditions, the concentrated stream leaving the membrane can also be recycled. Indeed, concentrate recycling is required for high recovery ratios (Lokare et al., 2018) . The recirculated water of both sides of the membranes is stored in tanks installed in the feed and permeate loop, respectively. Finally, pumps are placed at the beginning of each stage and on the feed and permeate loop of each module to drive the recirculated water.
Throughout the work, we refer to heat exchangers when there is heat exchange between two streams within the system. Note that preheaters and coolers are also considered as heat exchangers but using external utilities.
Apart from the selection of the number of stages, the following decision variables are also calculated for each stage: membrane area; area and heating/cooling utility needed in the preheater and cooler; heat exchanger area; outlet concentration; recycle ratio; and operating temperatures. The optimization problem is modeled using total flows and salt composition as variables, which involves bilinear terms -the multiplication of two variables -in the salt water mass balances. These terms are one of the sources of the non-convexity; however, this representation is advantageous because the bounds of the variables can be easily determined. Note that throughout the mathematical model description, lower case letters are used for variables and capital letters for parameters.
The following data are assumed to be known: 
Membrane distillation model
To develop the MINLP model, he following set is defined.
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The simplest equations such as mass and salt balance around each membrane distillation unit, recycle splitter and mixer are detailed in Appendix A, Section A.1 to the interested reader.
The energy balance across the membrane can be evaluated as follows,
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where n t and n x are the corresponding temperature and composition.
These correlations have been generated using the maxmin approach -maximize the minimum distance between two sample points -considering temperature ranging from 0 ºC to 100 ºC, and brine salinity between 0 to 400 g·kg -1 water. Aspen HYSYS® simulator has been used to obtain the specific enthalpies by using the thermodynamic package NRTL electrolytes.
It is important to highlight that these rigorous correlations are crucial to simulate the real behavior of the MDS since the specific enthalpies in saline streams are significantly dependent on temperature and composition. Fig. 4 shows the surface plot of enthalpy as a function of salinity and temperature and the relative error obtained for each point. The membrane area is calculated by Eq. (5).
Where n j is the permeate flux throughout the membrane calculated as proposed by Elsayed et al. (2014) . Detailed description is provided in the Appendix A, Section A.2.
The heat transfer across each membrane, memb n q , is calculated by standard heat transfer models accounting the corresponding four contributions:
• Convection from the feed bulk to the membrane interface as expressed by Eq. (6).
In which, 1 m n ht is the convective heat transfer coefficient given by the correlation described by Eq. (7) as a function of temperature and brine salinity. The produced water properties needed to calculate rigorously the convective heat transfer coefficient (density, viscosity, heat capacity and thermal conductivity) have been obtained from OLI's software (OLI Systems, 2010) using the thermodynamic package for electrolytes.
a)
The physical properties correlations have been generated by considering temperature ranging from 40 ºC to 90 ºC, and brine salinity between 40 to 300 g·kg -1 water. 
• Conduction and water evaporation inside the membrane are given by Eq. (8).
hv is the water latent heat of vaporization. The conduction heat transfer coefficient,
, is defined by Eq. (9).
In which, E is the thickness of the membrane and n k is its thermal conductivity given by the following correlation proposed by Elsayed et al. (2014) 1 .7 10 4 10
• Convection from the membrane interface to the permeate bulk is calculated by Eq.
In which, 2 m n ht is the convective heat transfer coefficient at the permeate side given by the correlation defined in Eq. (12). The same procedure detailed before for the calculation of the convective heat transfer coefficient at the feed side is used. In this case, the water salinity in the permeate side is equal to zero (salt-free), and the temperature range is considered to vary from 20 to 90 ºC.
At steady state, the overall heat transfer flux must be balanced (Hitsov et al., 2015; Yun et al., 2006) :
To avoid inconsistent performance of the membrane modules and solutions without physical meaning, the following constraints that ensure suitable working conditions (i.e.
outlet flow should not be higher than inlet flow) should be introduced in the model:
Finally, the following design specification is included to reach close to ZLD conditions at the end of the membrane system.
Design equations for the preheater, cooler and heat exchanger
The energy required in the preheater is given by Eq. (20),
where memb n t and , hx out n t are the inlet membrane temperature and the outlet heat exchanger temperature, respectively.
The heat transfer area is defined by the following equation:
where preh U is the overall heat transfer coefficient and preh n lmtd is the log mean temperature difference that is reformulated using Chen's approximation (Chen, 1987) to overcome the numerical difficulties created by the logarithm, in which, the temperature differences, θ , are given by Eqs. (22-24).
The temperature difference between shell and tubes must be greater than the design minimum difference temperature to allow effective heat transfer,
The same procedure, which is detailed in Appendix A, is applied to design the heat exchanger and cooler.
GDP formulation in membrane stages
To determine the number of distillation stages present in the desalination system, the disjunction showed in Eq. (27) 
The previous disjunction can be reformulated into an MINLP model, by using the hull reformulation (Vecchietti et al., 2003) as follows:
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If a bypass exists in stage n, then the bypass should also exist in all subsequent stages to avoid the non-existence of intermediate stages. 
In which, F is the annualization factor as defined by (Smith, 2005) :
where I is the interest rate per year and W is the time horizon.
The capital expenditure includes the membrane cost ( 
In Eq. (34), WH is the working hours per year; 
Case studies initial data
Several case studies, based on real produced water data generated from the Marcellus shale formation, have been performed to evaluate the capabilities of the proposed mathematical model to optimize MDS applied to close to ZLD desalination of shale gas water.
The present work considers that the MDS has the capacity to treat the produced water generated by 3 wellpads of 12 wells each (Manda et al., 2014 
Output parameters Source
Outlet Salinity 300 g·kg -1 (Onishi et al., 2017b) 
Cost Data Source
Cooling water cost 11.2 US$ (kW·year) Additionally, in order to ensure that the system works within its operational limits, the following variables have been fixed or constrained: 1) the membrane inlet temperature is restricted between 40 -90 ºC; 2) minimum temperature difference between the shell and tubes in the heat exchanger is equal to 10 ºC; 3) cooler outlet temperature is fixed to 30 ºC to allow sufficient difference of vapor pressure at both sides of the membrane (i.e. membrane driving force) and 4) the use of water as refrigerant fluid (i.e. other refrigerant fluids have been discarded due to their higher comparative price (Turton et al., 2012) ).
In the following sections, the main results obtained are described.
Results and discussion

Multistage membrane distillation design
The resulting optimal MDS configuration for the base case, using Marcellus real shale salinity of 200 g·kg -1 water, consists of three MD stages with a total required membrane area of 603 m 2 (225, 221 and 157 m 2 , respectively). Additionally, a recycle ratio (total recycle flowrate with respect to the feed flowrate) of 9 allows reaching the outlet salinity specification (i.e. 300 g·kg -1 water). The optimum configuration and the main process variables (i.e. areas, flows, temperatures, utilities, etc.) are shown in Fig. 5 . The optimal MDS solution achieves a total annualized cost (TAC) of 523 kUS$ year -1 , including 88 kUS$ year -1 related to capital expenditure and 435 kUS$ year -1 in operational expenses. Fig. 6 shows the fractional contribution of various cost elements for the optimal solution. As can be observed, TAC mayor contributor is the heating energy required by the system (~ 62 %), followed by the pumping costs (~ 12 %). Since high recycle ratios are needed to reach the outlet specified salinity and these streams must be reheated before entering the membrane stage again, the amount of thermal and pumping energy required increases dramatically. Similar findings were reported by Tavakkoli et al. (2017) , in whose study most of the operational cost was attributed to the thermal energy requirements.
Optimal recycle configuration includes direct recycle in stage three while an inter-stage recycle between the second and first stages is established, obtaining the lowest overall recycle ratios.
To analyze the effect of the system configuration (i.e. the recycle connections and the number of MD stages) on the cost of the MDS, several cases have been solved varying these design variables.
Firstly, to study the influence of the recycle connections, the system has been solved predetermining different recycle configurations. The results for the CAPEX, OPEX and the heating cost, which is the maximum contribution to OPEX, are detailed in Table 2 . If only direct recycle is allowed, the total cost increases 17 kUS$ year -1 with respect to the base case optimal solution. Considering inter-stage recycle from stage three to stage one, the operating cost increases 31 kUS$ year -1 compared with the optimal solution.
The solution of the last recycling possibility, inter-stage recycle from stage three to stage two and direct recycle in stage one, is only 5 kUS$ year -1 higher than the optimal solution. In all these three cases, higher recycle ratios than the obtained for the optimal solution are needed, and consequently, the resulting operating costs are higher.
As said before, the influence of the number of membrane distillation stages is also analyzed to find out the process cost differences compared to the optimal solution. The results, shown in Fig. 7 , highlight that defining fewer stages than those calculated for the optimal solution is less attractive since a higher TAC is obtained. Although in these configurations (1 or 2 stages) the capital expenditure decreases, the operating costs rise to a larger extent, thus causing the increase of the TAC. When fewer membrane stages are used, higher recycle ratios are needed, consequently, the heating and pumping costs increase. For instance, when considering only one stage, although the capital cost is lower (58 kUS$ year -1 ) due to the fewer installed equipment, the operational cost is 15 % higher than that in the optimal solution (500 kUS$ year -1 ). On the contrary, the operational savings attained by adding more than three membranes do not compensate the capital cost increment (e.g., the capital cost is 132 kUS$ year -1 and the operational cost equal to 413.57 kUS$ year -1 considering six membranes in series). 
Parametric study of the impact of membrane fouling
Membrane fouling is one of the major drawbacks in membrane technologies causing a severe flux decline, affecting the quality of the water and increasing the treatment costs. 
MOP
Assuming that fouling affects the membrane permeability, we have solved the model for different permeability. Specifically, we have studied its effect on the capital and operational costs by decreasing its value by 10%, in a range from 90 to 50% of the permeability value used in the base case.
The results reveal that the TAC is slightly affected increasing the total cost by 8 kUS$ year -1 comparing the base case with the worst situation (i.e. membrane permeability reduced by 50%). As the flux through the membrane decreases, to satisfy the salt concentration outlet requirement, both total membrane area and heating required increase from 603 to 697 m 2 and from to 3335 to 3379 kW. Hence, the results indicate that the membrane fouling have not a significant impact to the thermal efficiency of the process.
Parametric study of the effect of steam cost
As aforementioned, the TAC is significantly affected by steam cost. Some works in literature have considered the use of inexpensive heat sources such as the waste heat of process facilities or flaring (Bamu et al., 2017; Elsayed et al., 2015; Elsayed et al., 2014; González-Bravo et al., 2017 . That consideration is very attractive for membrane distillation where the separation occurs below the normal water boiling point.
Taking into account that the steam cost varies significantly depending on the location of the plant and country, in this section we study the impact of the steam cost on the system configuration and total process cost. We analyze the base case, which considers low-cost steam equal to US$ 0.007 kg -1 (Al-Obaidani et al., 2008) , and the extreme situations, considering a high-cost steam equal to US$ 0.028 kg -1 (Turton et al., 2012) and free heating source. In the latter case, the heating cost is removed from the objective function since the energy is provided from waste heat of shale gas production. , respectively, which means that operational cost savings up to 95% could be obtained depending on the heating source. Although clearly the cost savings are affected by the heating cost reduction, they also arise from the differences in the system configuration. As can be seen in Fig. 8 , the capital expenses also decrease as the heating cost is lower, being the system configuration equal to four, three and two stages, respectively. This is due to the trade-off between the amount of water recycled and the number of membrane stages. The higher the number of membrane stages, the lower recycle ratios are needed. Therefore, when the heating cost is low, it is more costeffective to preheat high recycle ratios than increase the number of membranes stages.
Parametric study of the effect of produced water salinity
The composition of the produced water is another uncertain parameter for designing MDS. It depends on the exploitation site and it varies also over the well lifetime.
In this section, the analysis of the optimal system configuration and economic performance of the system under different inlet salinities -ranging from 150 to 250 g·kg -1 water -is evaluated. Note that the outflow brine salinity remains up to 300 g·kg -1
water to achieve close to ZLD conditions and therefore, the maximum water recovery. Fig. 9 shows the effect of the produced water salinity on treated water cost and desalinated water cost. In this figure, it is possible to observe that the treated water cost decreases when the inlet salinity increases, changing from 11.54 to 4.42 27 US$ per cubic meter of inlet water. This reduction in process costs occurs since, as the concentrations of inlet and outlet streams are more similar, less energy is needed to achieve the outflow stream near saturation conditions. Note that equipment size and the number of membrane modules are also reduced for treating feed water with higher TDS contents. For instance, the total membrane area for the MDS configuration, for the extreme salt concentrations (i.e., inlet concentration of 150 g·kg -1 water and 250 g·kg -1 water), decreases from 925 m 2 to 295 m 2 , correspondingly. Also, in the case of inlet salinity equal to 150 g·kg -1 water, an optimal solution of four MD stages is obtained, while only two MD stages are required to achieve the desired outlet condition with the highest inlet salinity (250 g·kg -1 water).
It is worth mentioning that, the recovered water production rate is reduced when considering higher feed water salinities. The water recovered when the inlet salinity is significantly high (250 g·kg -1 water), decreases 67% comparing with the water recovered when the inlet salinity is equal to 150 g·kg -1 water, thus increasing the amount of brine to be disposed. Hence, although the cost per cubic meter of inlet water decreases, the same cost expressed in terms of cost per cubic meter of permeate increases, changing from just over 23 US$ per cubic meter of water generated in the process to nearly 27 US$ per cubic meter. This trend agrees with works published by Elsayed, N et al. (2015) and Tavakkoli et al. (2017) . 
Membrane distillation feasibility for treating shale gas produced water.
Previous sections highlighted the applicability of MDS to desalinate produced water to reach conditions close to ZLD. Nevertheless, the results indicate that the source of uncertainties such as the available heat source and inlet salinity conditions impact significantly the economic feasibility and configuration of MDS.
Without a low-cost steam source or waste heat available, the heating costs associated to obtain high permeate flux are significantly high. Whereas the steam source is usually known before deciding the selection of MDS as desalination technology, the reliability of the MDS design relies on the accuracy of the predicted value for the inlet salinity. On the one hand, if the MDS is designed for the worst case of the inlet salinity (lowest forecast value), the system will always satisfy the imposed specific salinity outlet conditions. However, this design would be at the expense of a high initial capital investment that might not be worthwhile if the real value (once the uncertainty is revealed) of the inlet salinity is significantly higher than the worst case value. On the other hand, a design of the MDS considering the mean forecast value requires a lower capital expenditure than the previous situation. Nevertheless, the specific outlet salinity may not be attained if the feed concentration is below the mean value.
As commented above, a comparison between the proposed MDS and a conventional thermal desalination technology used in shale gas operations, such as MEE-MVR (Silva et al., 2017) has been carried out. Onishi et al. (2017b) reported an optimal MEE-MVR treatment cost of 3.8 US$ m -3 of inlet water for an inlet salinity of 220 g·kg -1 water and inlet flowrate of 10.42 kg·s -1 . As the MEE-MVR was designed for a higher flow rate, the treated cost is updated using the equation of the effect of the capacity on the equipment defined by Turton et al., 2012 . Table 3 .3 summarizes the treated water cost obtained with both technologies considering three different inlet water salinity and inlet flow equal to 2 kg·s-1 . ) and inlet flow equal to 2 kg·s -1 . ** Updated cost using the equation of the effect of the capacity on the equipment defined by Turton et al., 2012 Clearly, if only heating source at high cost is available, MEE-MVR should be selected since the cost is significantly lower. If low heating cost is accessible, the decision is not trivial. Although the treated water cost using MD is higher than that obtained with MEE-MVR, it must be emphasized that the difference is smaller as the salinity increases. Additionally, as mentioned in the introduction section, it should be considered that nowadays flowback water, which salinity is lower, is directly reused to fracture other wells. Then, the water treated for discharge will be produced water (inlet salinity higher than 150 g·kg -1 water). Another important point that can influence the decision is that MEE-MVR requires a continuous electrical supply such as a power grid, which could be limited or unavailable in remote shale gas extraction sites. Besides, specialized equipment, such as electrical-driven compressors or flash tanks, is necessary. On the contrary, the inherent modular nature of MD is advantageous for produced water treatment, since its compactness and mobility facilitate the installation of small desalination plants near remote extraction sites. Moreover, MD can operate using low-grade industrial steam that can be easily obtained in shale gas operations from waste heat recovered from the process facilities or flaring. Additionally, the treating cost of MD using waste heat is approximately half of the cost obtained using MEE-MVR (see Table 3 .3).
As shown in previous sections, the shale gas produced water treatment cost is very sensitive to many factors such as inlet and outlet conditions or heating cost. This fact, coupled with the lack of standardized methodologies for cost calculations, hinders the economic comparison between MDS and other desalination technologies applied to this type of high salinity wastewater.
Computational aspects
The MINLP problem has 6 binary variables, 265 continuous variables and 311
constraints ( 
Conclusions
The present work highlights the potential for designing and deploying membrane distillation systems to treat shale gas produced water with high salt concentration. For this purpose, a multistage membrane distillation system (MDS) superstructure with energy recovery is modeled using the GDP framework as a MINLP problem in the GAMS modelling language. Then, this model is optimized to minimize the total annualized cost (TAC) of the system subject to the zero liquid discharge (ZLD) condition (i.e., a concentrate stream close to salt saturation conditions), which guarantees the maximum water recovery. It is worth noting that improving the costeffectiveness of the process by reducing brine discharges decreases the water footprint associated with the shale gas production.
As a result, an optimal full-scale membrane distillation is designed to desalinate wastewater from shale gas operations by establishing the number of membrane modules in series, the size of heat exchangers, and the system operating conditions. Note also, the high complexity of the model, since the mass flowrates and temperatures of the streams are decision variables, and many of the equations that define the problem are non-convex and non-linear.
The results obtained emphasize the applicability of this promising technology, especially when a low-cost energy source or waste heat are available. The treatment cost varies significantly depending on the energy cost since it represents more than 50% of the total annualized cost. For example, the cost per cubic meter of treated water is 23.0 m -3 US$ for high energy costs; 8.3 m -3 US$ for low energy costs; and 2.8 m -3 US$ when energy is provided from waste heat of shale gas production.
Additionally, due to the uncertain salinity forecast of produced water, the reliability of the model has been checked by a sensitivity analysis carried out by varying the TDS concentration from 150 to 250 g kg -1 water. The results reveal that the optimal configuration and the treatment cost depend significantly on the inlet salinity. Both the number of membrane stages and the total cost decrease as the inlet salinity increases.
For the lowest value of salinity used in the analysis (i.e., 150 g kg -1 water), a cost of 11.5 US$ m -3 of inlet water is obtained with a system configuration composed of four membrane stages. On the contrary, for the highest salinity value (i.e., 250 g kg -1 water)
both the cost and the number of membranes in the system decrease to 4.4 US$ m -3 of inlet water and two stages, respectively. Although the solutions considering higher feed water salinities are more cost effective, they have an important drawback for the water footprint of the shale gas exploitation activity. That is the low permeate flux of the MD process, which implies that only a small fraction of the huge amount of wastewater for the gas production is recovered.
The proposed model intends to be a systematic tool to guide the decision-maker towards the most cost-effective MDS design for this particular application. Although other economic analyses of MD applied to shale gas wastewater can be found in the literature, to the best of our knowledge, this is the first one that develops an MDS mathematical model coupled with heat recovery to determine the optimal design of the multistage structure and inter-stage recycling for several initial conditions obtaining the minimum cost.
Additionally, although MDS can be economically advantageous in remote areas where waste heat or low-grade thermal energy is available, and despite the advances made in the study of MD process, more laboratory analysis and pilot scale tests are still necessary to make this technology commercially attractive for shale gas wastewater desalination processes. 
A.3 Heat Exchanger and cooler design equations
The following equations and variables are used to model mathematically the heat exchanger and cooler. They can be described in four blocks of equations. The first one defines the energy balance across the equipment, the second one calculates the equipment area, in the third one Chen's approximation is applied to calculate the temperature difference and the last one ensures the workability of the equipment.
Heat Exchanger
Energy balance ( ) ( ) ( ) 
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